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should properly fall within the field of this association, and that discussions 
which affect such topics as projective geometry, second courses in calculus, the 
elementary theory of functions, and other courses commonly given to under- 
graduates, are properly subjects for discussion. 

One more idea would seem to me to clarify the situation very materially. 
There have appeared in the Monraty from time to time articles which cannot 
be said to be of research character from the standpoint of the common accepta- 
tion of that word, but which nevertheless represent a great deal of labor of a purely 
investigational sort which would seem quite worthy of being called research in a 
broader interpretation of that word. This again is well illustrated by the 
historical papers mentioned above, all of which certainly constitute a very 
dignified form of research in this broader sense, though they may not satisfy the 
stricter interpretation placed ordinarily on the word research. The same thing 
can be said of a number of other papers which have appeared in the MontTHLy 
which deal essentially with college subjects. It is held that a dignified dis- 
cussion which involves investigation from a scientific point of view is worthy 
of the name research in its broader application. While the new association 
will recognize fully the prior right of the American Mathematical Society in all 
questions which would ordinarily be termed research under the common inter- 
pretation, the attitude of this Association will be to encourage and to dignify all 
investigations of the character which have here been called research in the 
broader sense. 

If I have tried to say what seems to me to be the policy of those responsible 
for the organization of the AssoctaTIon, I should perhaps add a word concerning 
the questions distinctly avoided thus far, which may be said to be not within 
our present intentions. One such which certainly deserves mention is the 
general notion of pedagogy in its more restricted interpretation. All of those 
questions which are termed pedagogical in the strict sense of that word have been 
held, and are held, by those responsible for the organization of the Association 
to belong to the field of education and to be wholly outside the field of the present 
association. Just as research will be held to be within its province only if the 
word is given a broad interpretation, it may be said also that the discussions 
which this association will foster may be termed pedagogical only if that word is 
used in a much broader sense than is common. I may define this broader sense 
to include those questions affecting instruction in which a professional knowledge 
of the subject-matter is a necessary element toward the formation of any dig- 
nified conclusion. That there is no doubt about the existence of such questions 
is amply proved by the files of the Monruty during the last two years. 

This statement does not pretend to be exhaustive or infallible. The in- 
tention is to give as clear an idea as may be in a short space of characteristic 
topics which this Association will discuss. That the policy of the Association 
may be changed in the future and that the statements of this article are by no 
means binding upon the Association will be quite evident upon even a casual 
examination of the Constitution. E. R. Heprick, PRESIDENT. 

Missourt, February 25, 1916. 
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“QUANTITY OF MATTER” IN DYNAMICS.! 
By L. M. HOSKINS, Stanford University. 
I. Inrropvucrory. 


1. Different Views Regarding Mass.—In explaining the significance of the 
quantity commonly called mass the term “quantity of matter” has been freely 
used by many writers on the laws of motion, including such high authorities as 
Newton, Maxwell, Kelvin, Tait and Clifford. These writers have assumed, either 
explicitly or tacitly, that the words have a meaning apart from dynamical laws. 
From this point of view the second Newtonian law (or “law of acceleration”) is 
a statement of the way in which the acceleration of a body depends upon the two 
factors, (1) the force acting on the body and (2) the quantity of matter in the body. 
There are, however, those who dissent from this view, maintaining that the word 
mass as used in dynamics is fully defined by the law of acceleration itself; that 
the statement that “the mass of a body is a measure of its quantity of matter” 
contributes nothing to the definition. Because of these differing views it seems 
profitable to consider somewhat carefully what is really involved in the conception 
of quantity of matter. 

In this study we may ask first what meaning, if any, may properly be attached 
to the words quantity of matter independently of the laws of dynamics, and 
secondly, whether the use of these words contributes anything to the definition 
of the quantity usually called mass in the formulation of dynamical principles. 

2. Postulates Regarding Acceleration and Force.—To answer the second ques- 
tion requires an analysis of the logical import of the laws of motion; and such an 
analysis, if exhaustive, must involve not only the meaning of mass and force but 
also the question of bases of reference for estimating acceleration. The present 
object does not, however, require an exhaustive analysis of these questions. As 
regards acceleration, we shall assume as granted either the Newtonian view of 
absolute motion or the view that, at any rate, there exists a base for which the 
Newtonian laws are true.2 As regards force, we shall treat separately two 
assumptions—(1) that force may be accepted as an exactly measurable magnitude 
independently of the laws of motion, and (2) that the definition of force as a 
measurable magnitude is contained in those laws; in accordance with these two 
assumptions parallel sets of propositions will be given, designed to illustrate the 
significance of “quantity of matter” in the law of acceleration. 


II. PRELIMINARY QUANTITATIVE Notions REGARDING MATTER. 


3. Definition of Body.—We regard matter as consisting of individual parts 
which are indestructible; and we define a body as any definite connected portion 
of matter. 


1 Paper presented to the American Mathematical Society, August 3, 1915, at Stanford Uni- 
versity, Calif. 

2 Such a base may be called a Newtonian base. (See W. H. Macaulay, Mathematical Gazette, 
October, 1900; Bull. Am. Math. Soc., July, 1897, and April, 1898.) 
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Explanations of the laws of dynamics are often stated as applying to “ par- 
ticles” of matter or “material points.” A more practical presentation must, 
however, deal with aggregates of matter of finite size. We shall here mean by a 
body any connected aggregate of matter; and when reference is made to the 
acceleration of a body, it is to be understood that all parts of the body have equal 
accelerations, 2. ¢., that the motion is a translation. 

4. Common Notion About Quantity of Matter—That a quantitative view of 
matter is one of the common notions associated with every-day experience is 
evident on a very little reflection. The statement that one of two gold coins 
contains twice as much of that particular material as the other is certainly not 
meaningless, quite apart from any consideration of inertia, or of weight, or of 
volume, or of value; although a precise explanation of the statement would be as 
difficult as would be a precise explanation of the statement that one body has 
twice the bulk of another. The notion of quantity, associated with particular 
kinds of matter, is in fact employed daily by the many persons who are engaged 
in buying and selling useful commodities. Whatever method may be used for 
the actual comparison of quantities, the object sought is to determine definite 
amounts of certain kinds of matter, the utility of which is not generally due to 
their inertia, or weight, or bulk. 

5. Definite Quantitative Notions Applicable to Matter.—There are, moreover, 
certain very definite quantitative comparisons which are applicable to matter, 
without restriction to bodies of the same homogeneous substance, and without 
appeal to dynamical principles or to particular physical laws such as the law of 
gravitation. We recognize the applicability to matter of the notions that 

_ (1) The whole is greater than any part, and the whole is equal to the sum of its 
parts. 

And thus, quite independently of any kinetic considerations, we accept the 
truth of the following propositions: 

(11) If a body A be divided into two bodies B and C, the quantity of matter of A 
as greater than that of B or that of C; the sum of the quantities of matter of B and C 
is equal to that of A. 

(m1) If any two distinct bodies B and C be combined into a single body A, the 
quantity of matter of A is greater than that of B or that of C; the sum of the quantities 
of matter of B and C is equal to that of A. 


III. SIGNIFICANCE OF QuANTITY OF Martrer IN THE LAW oF ACCELERATION, 
AssuMING ForcE TO BE DEFINED NON-KINETICALLY. 


6. First Assumption Regarding Force-—We now assume that force is a quan- 
tity which can be exactly measured, or at least defined as an exactly measurable 
magnitude, without any appeal to the laws of motion. Thus we may accept as 
satisfactory a method of comparing force-magnitudes based upon the deformations 
of springs or of any elastic bodies. It will be seen, however, that in the first set 
of illustrative propositions given below the only requirement regarding the 
measurement of forces is that it is possible to apply equal forces to any different 
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bodies; while in the second set it is assumed possible to apply forces of any 
desired relative magnitudes to any bodies at pleasure. 

7. The Effects of Equal Forces Applied to Different Bodies.—To illustrate the 
way in which the notion of quantity of matter enters into our interpretation of 
the law of acceleration, we may state a number of propositions referring to sup- 
positious cases in which equal forces act upon different bodies. 

(a) If a force be applied to a body B, and an equal force be afterward applied 
to a body A formed by adding matter to B, the acceleration of A will be less 
than that of B. 

(b) If, when equal forces are applied to two distinct bodies A and B, the 
acceleration of A is less than that of B, then by the removal of matter from A 
there may be produced a body A’ such that equal forces applied to A’ and B 
will cause equal accelerations; and by the addition of matter to B there may be 
produced a body B’ such that equal forces applied to A and B’ will cause equal 
accelerations. 

(c) If two distinct bodies have equal accelerations when acted upon by equal 
forces, then an acceleration half as great will be caused by an equal force acting 
upon the body formed by combining the two. 

(d) If any number of distinct bodies have equal accelerations when acted 
upon by equal forces, then an acceleration one nth as great will be caused by an 
equal force acting upon a body formed by combining n of the given bodies. 

(e) If two distinct bodies, when acted upon by equal forces, have accelerations 
a’ and a”, then the body formed by combining them will, if acted upon by an 
equal force, have an acceleration a such that 1/a = 1/a’ + 1/a”. 

(f) If any number of distinct bodies, when acted upon by equal forces, have 
accelerations a’, a’’, «++, then the body formed by combining them will, if acted 
upon by an equal force, have an acceleration a such that 1/a = 1/a’+1/a’’+---. 
(It will be noticed that this case really includes the five preceding.) 

These propositions are consequences of the interpretation we put upon the 
following principle, which is a part of the law of acceleration: 

(A) Different bodies acted upon by equal forces have accelerations inversely 
proportional to their masses. 

A part of the import of proposition (A) undoubtedly consists in giving pre- 
cision to the definition of mass; but if the meaning of mass were wholly contained 
in it, not one of the propositions (a), (b), (c), (d), (e) and (f) would necessarily 
follow from it. The reason we accept these as consequences of (A) is that we 
have, independently of (A), a conception of mass as a measure of quantity of 
matter and as satisfying propositions (1), (11) and (111). 

8. Case of Different Bodies Having Equal Accelerations.—The part played by 
the quantitative notion of matter in our interpretation of the second law of motion 
is evident also in cases in which different bodies are supposed to be acted upon by 
forces such as to cause equal accelerations. This is brought out by the following 
propositions, which will be seen to have a correspondence to the propositions 
(a) --+ (f) given above. 
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(a’) If a body A be formed by adding matter to a body B, the force required 
to give A any certain acceleration is greater than that previously req ired to 
give B an equal acceleration. 

(b’) If A and B are two distinct bodies such that a greater force must be 
applied to A than to B to cause equal accelerations, then by the removal of matter 
from A there may be produced a body A’ such that equal forces must be applied 
to A’ and B to cause equal accelerations; and by the addition of matter to B 
there may be produced u body B’ such that equal forces must be applied to A 
and B’ to cause equal accelerations. 

(c’) If two distinct bodies have equal accelerations when acted upon by equal 
forces, then a body formed by combining the two must be acted upon by twice 
as great a force in order to have an equal acceleration. 

(d’) If any number of distinct bodies have equal accelerations when acted 
upon by equal forces, then the body formed by combining any n of them must be 
acted upon by a force n times as great in order to have an equal acceleration. 

(e’) If the forces required to give two distinct bodies equal accelerations are 
F’ and F”, then the body formed by combining the two must be acted upon by a 
force F’ + F” in order to have an equal acceleration. 

(f’) If the forces required to give any number of distinct bodies equal accelera- 
tions are F’, F”’, ---, then the body formed by combining them must be acted 
upon by a force F’ + F’’ + --- in order to have an equal acceleration. (This 
includes the five preceding cases.) 

These propositions are accepted as consequences of the following principle, 
which expresses part of the import of the law of acceleration: 

_ (B) In order that different bodies may have equal accelerations, they must be 
acted upon by forces whose magnitudes are proportional directly to the masses of the 
bodies. 

Assuming that force as a measurable magnitude is defined independently of 
this principle, a part of its import consists in giving precision to the meaning of 
mass; but if the whole meaning of mass were included in (B) no one of proposi- 

tions (a’) --+ (f’) would necessarily follow from it. We accept these as conse- 
quences of (B) because we have, independently of (B), the conception that mass 
is a measure of quantity of matter and satisfies propositions (1), (11) and (11). 

9. Effects of Different Forces Applied at Different Times to the Same Body.— 
Besides principles (A) and (B), each of which expresses a part of the import of 
the law of acceleration, there is a third principle of equal interest which may be 
stated as follows: 

(C) Different forces applied at different times to the same body cause accelerations 
having the same ratios as the magnitudes of the forces. 

This is not independent of (A) and (B); in fact, careful reflection shows that 
any one of the three propositions (A), (B) and (C) may be inferred from the 
other two. 

10. General Statement of Law of Acceleration.—The general principle of which 
(A), (B) and (C) are particular cases may be stated as follows: 
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(D) Any bodies acted upon by any forces will have accelerations proportional 
directly to the force-magnitudes and inversely to the masses (quantities of matter) 
of the bodies. 

Principle (D) may be called the general law of acceleration; it is equivalent 
to Newton’s second law of motion, so far as this refers to forces acting singly. 


IV. SIGNIFICANCE oF Quantity oF Matter WHEN Force 1s DEFINED 
KINETICALLY. 


11. Second View of Force.—It is generally recognized that, while the measure- 
ment of forces by their effects in deforming elastic bodies (as by the spring 
balance) is of very great practical use, the exact comparison of force-magnitudes 
for the purposes of dynamics must make use of the law of acceleration. If this 
view is adopted a different form must be given to the explanation of the réle of 
mass or quantity of matter in the laws of motion. To this we proceed. 

12. Formulation of the Laws of Motion.—A rigorous logical analysis shows that 
the second and third laws of Newton (the law of acceleration and the law of 
action and reaction) are not independent principles. It will be seen, however, 
that the import of both is covered by the following propositions: 

(1) The acceleration of a body is always due to the influence of other bodies. 

(2) If the acceleration of a body is due to the influence of more than one other 
body, it is equal to the vector sum of components, each due to some one of the bodies. 

(3) If A and B are any two individual portions of matter, the acceleration of 
A due to B and that of B due to A are always oppositely directed, and their magnitudes 
are in a constant ratio. 

Definition.—The term “acceleration-ratio of A with respect to B” will be 
used to denote the ratio: 


(acceleration of A due to B)/(acceleration of B due to A). 


(4) If A, B and C are any three distinct bodies, the acceleration-ratio of A with 
respect to B is equal to the acceleration-ratio of A with respect to C divided by the 
acceleration-ratio of B with respect to C.1 


1In connection with (3) it should be added that if A and B are “ particles,’’—i. e., if their 
dimensions are vanishingly small in comparison with their distance apart,—their mutually-caused 
accelerations are directed along the line AB. 

The “law.of composition,’’ expressed by (2), is sometimes held to mean that the acceleration 
of a body A due to a body B is not influenced by any third body C; in other words, that if a’ is 
the acceleration of A due to B when C is absent, and a” the acceleration of A due to C when B is 
absent, then when both B and C are present the acceleration of A will be the vector sum of a’ 
anda’. This cannot be accepted as a valid interpretation of the law of composition; all that is 
implied by this law is that the acceleration of every particle can at every instant be resolved into 
components regarded as individually ‘due to’’ other particles in the sense that they satisfy (2), 
(3) and (4). The supposition that the acceleration of A due to B may be changed by the pres- 
ence of C is entirely consistent with these laws. (See K. Pearson, ‘‘ The Grammar of Science,’’ 
second edition, page 317.) 

The import of the laws is, in fact, summed up in the statement that the total momentum 
of a system of bodies is not changed by the action of these bodies upon one another (total 
momentum being understood in its broadest sense as a localized vector quantity). The definition 
of momentum must of course depend upon that of mass given in 13. 
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13. Definition of Mass.—These principles imply that it is possible to assign to 
all bodies individual constant numbers such that the acceleration-ratio of any two 
bodies is the inverse ratio of their assigned constants. Constants satisfying this 
condition are called the masses of the bodies. The actual values of the mass- 
constants are fixed as soon as any one of them is assigned; this is equivalent to 
choosing a unit of mass.! 

14. Mass as Quantity of Matter—That there is any relation between the 
quantity thus defined as mass and matter regarded as a quantity is not imme- 
diately apparent from principles (1), (2), (3) and (4). That there is such a 
relation, and that mass as just defined is an appropriate measure of quantity of 
matter, is illustrated by the following propositions referring to suppositious cases, 
It will be seen that there is a correspondence between these propositions and 
those above designated as (a) --- (f). 

(a’’) If a body A be formed by adding matter to a body B, then the accelera- 
tion-ratio of A with respect to any third body D will be less than that of B with 
respect to D. 

(b’’) If A and B are two distinct bodies such that the acceleration-ratio of 
A with respect to a third body is less than that of B with respect to that body, 
then by the removal of matter from A there may be produced a body A’ such 
that the acceleration-ratios of A’ and B with respect to any third body are equal; 
and by the addition of matter to B there may be produced a body B’ such that 
the acceleration-ratios of A and B’ with respect to any third body are equal. 

(c’’) If the acceleration-ratios of two bodies B and C with respect to a third 
body D have equal values r, then if B and C be combined into a single body A 
the acceleration-ratio of A with respect to D will be r/2. 

(d’’) If there be any number of bodies having equal acceleration-ratios r 
with respect to a body D, then if any n of them be combined into a single body 
its acceleration-ratio with respect to D will be r/n. 

(e’”) If two distinct bodies have acceleration-ratios r’, r’’ with respect to 
another body D, then the body formed *:: combining the two will have with 
respect to D an acceleration-ratio r such that 1/r = 1/r’ + 1/r’”. 

(f’’) If any number of distinct bodies have, with respect to a body D, the 
acceleration-ratios r’, r’’, --+, then the body formed by combining them will 
have, with respect to D, an acceleration-ratio r such that 1/r = 1/r’ + 1/r’’ + -+>. 
(This includes the five preceding cases.) 

These propositions are consequences of the principle that 

(E) The acceleration-ratios of any bodies A, B, C, ---, with respect to any one 
other body are in the inverse ratios of the quantities of matter of A, B, C, ---. 

A part of the import of (£) is a precise definition of quantity of matter; but 
unless we had, independently of (E), a quantitative conception of matter satisfy- 


1 The above method of formulating the laws of motion and of defining mass is substantially 
that which has been used by a number of writers, among whom may be mentioned E. Maca, K. 
Pearson, G. Kircuuorr, P. Appe.i, A. E. H. Love, W. H. Macautay. Some of these authors 
have explicitly recognized that the conception of mass which we actually use includes the notion 
of a quantitative measure of matter satisfying propositions (1), (11) and (11). 
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ing propositions (1), (11) and (111), we should not recognize that (a’”’), --- (f’) 
are consequences of (EZ); and we certainly should not recognize that they are 
consequences of (1), (2), (3) and (4). 

Proposition (EZ) shows that the quantity above defined as mass is an appro- 
priate measure of quantity of matter. 

15. Definition of Force.—From the present point of view the import of the 
Newtonian laws is completely covered by principles (1), (2), (3), (4) and (E); 
and it will be noticed that the word force is not used in the statement of these 
propositions. A definition of force may, however, be associated with them. 
Thus (1) and (2) suggest the following: 

A force is an action exerted by one body upon another, the effect of which is to 
give the latter body an acceleration-component. 

With this definition it is seen that (2) expresses the law of vector composition 
of forces. 

An exact quantitative definition of force, consistent with the above principles, 
may be stated as follows: ; 

A force is an action exerted by one body upon another, measured by the product 
of the acceleration produced and the mass of the body acted upon. 

With this definition, and that of mass given above, principle (3) is seen to be 
equivalent to the law of action and reaction in its ordinary form: 

Whenever one body exerts a force upon another, the second exerts an equal and 
opposite force upon the first. 


VY. Mass IN THE Law or GRAVITATION. 


16. Laws of Dynamics Independent of Law of Gravitation.—Because the weights 
of bodies in the same locality are proportional to their masses, weight! plays an 
important part not only in the practical work of comparing the masses of bodies 
but in explanations of the principles of dynamics. It must not be forgotten, 
however, that the laws of dynamics are quite independent of the law of gravita- 
tion. 

17. Significance of Mass in the Law of Gravitation.—The law of gravitation 
states that every portion of matter exerts an attractive force upon every other 
portion, and that the magnitude of the attractive force exerted by one particle? 
upon another depends in a definite way upon the masses of the particles and their 
distance apart. It is of interest to remark that all the questions which have 
been raised regarding the significance of mass in the law of acceleration might be 
raised with equal pertinence with regard to the meaning of mass in the law of 
gravitation. Thus the statement that “two particles which are at equal distances 


1The word weight is often used popularly in the sense of quantity of matter, and some 
writers recommend the general adoption of this usage. There would be no objection to this if 
it did not lead to the confusing of two distinct things; but it is necessary to use some word to 
denote the gravitational pull of the earth upon a body, and scientific usage is nearly unanimous 
in assigning this meaning to the word weight. This usage is followed in the present paper. 

2 It is convenient here to refer to particles rather than to bodies of finite dimensions in order 
to avoid complexities of statement due to the fact that forces combine by vector addition. 
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from a third particle are attracted by it with forces proportional to their masses” 
might be held to be merely a definition of mass. It might be asserted that “the 
statement that A’s mass is three times as great as B’s means merely that if A 
and B are equally distant from C the attractive force of C upon A is three times 
that of C upon B.” 

It is not difficult to show, however, that the conception of mass as a measure 
of quantity of matter is an essential part of the interpretation we put upon the 
law of gravitation. Thus if, when A and B are equally distant from C, the attrac- 
tion of C upon A is three times that of C upon B, we say that it is because A has 
three tinies as much matter as B; and we infer that A might be divided into three 
parts each baving a mass equal to that of B. 

The law of gravitation thus derives an essential part of its significance from 
a notion of mass which is independent of that law—the notion that mass is a 
measure of the matter of which bodies are composed and satisfies the funda- 
mental quantitative relations expressed by (1), (11) and (1). At the same time 
it must be recognized that the law itself gives precision to the definition and 
furnishes a method of comparing quantities of matter with exactness. 

18. Agreement of Two Methods of Estimating Quantity of Matter—It has 
been seen that the law of acceleration and the law of gravitation furnish two 
independent methods of applying exact quantitative measurements to matter. 
That the results of the two methods are in apparently exact agreement is a 
matter of experimental knowledge rather than of a priori necessity. If the fact 
were otherwise, weighing would not be an available method of comparing the 
masses of bodies for the purposes of dynamics. 


GEOMETRICAL AND OTHER ILLUSTRATIONS OF INDETERMINATE 
FORMS. 


By W. V. LOVITT, Purdue University. 


In the AmericAN MatuematicaL Montuaty, Vol. III, 1893, pp. 207-8, 
there is given by B. F. Finkel a geometrical proof that 0 X © is indeterminate. 
In the present paper additional illustrations, geometrical and otherwise, are 
given of this and other indeterminate forms. 

I. The area generated by a segment of a straight line AB (Fig. 1) revolving 
about an axis CD in its plane is given by the formula: 


Area AB = 2x - AB- MO = 22- CD: MR, 


where CD is the projection of the segment AB upon the line CD, M is the middle 
point of AB, 0 is the center of the segment CD, and J/R is perpendicular to AB. 
Let AB revolve about M and become perpendicular to CD. Then MR becomes 
parallel to CD and CD - MR becomes 0 X &. 
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B’ 


be 
& 


But CD -MR = AB- MO = K, (constant). 


Let us take a line segment A’B’ = AB and parallel to AB. Let M’ be the 
middle point of A’B’, M'R’ perpendicular to A’B’ and parallel to MR. Then 


Area A’B’ = 2r-CD- M’'R’. 


Rotate A’B’ about M’ until it is perpendicular toCD. Then CD - M’R’ becomes 
0X But 
CD - M'R’ = A'B’ - M’0 = KF; (constant). 


We ncte that K; + K»; that is, our form 0 X © takes on different values in these 
two instances and can thus be made to vary at will. 
Draw MK parallel to CD. Consider the difference 


Area A’B’ — Area AB = 2nCD - (M'R' — MR) = - 


Let A’B’ and AB become perpendicular to CD. Then M’R’ and MR become 
parallel to CD and 
M’'R’ — MR becomes © — o~, 


M’'R’ — MR= M’'K 


and M’K becomes infinite as A’B’ becomes perpendicular to CD. Hence, in this 
case the indeterminate form © — © becomes infinite. 

Incidentally, we have in the product CD - M’K an indeterminate form of the 
type 0 X 

An additional illustration of the form «© — © is furnished by the hyperbola. 
This curve is defined as the locus of a point P, the difference of whose distances 
from two fixed points, F’ and F, is a constant, 2a. That is 


F’P — FP = 2a. 
As F’P increases indefinitely, FP also increases indefinitely and 


F’P — FP takes the form » — o. 


But 


II. Consider now (Fig. 2) a triangle with a fixed base a, with sides x and y 
as indicated, the vertex P being on a line / which is parallel to the base. The 


| M! 
| 
Fig. 1. 
' 


ILLUSTRATIONS OF INDETERMINATE FORMS. 43 


area of this triangle is constant and will be denoted by c. Then 


2 
c= and = sin = a/ese 0. 


l P 
y 
6 
a M A B 
Fig. 2. Fia. 3 


As P runs off to infinity on the line /, x sin @ becomes © X 0, while z/esc @ be- 
comes 0/0. From the law of sines, 


As P moves off to infinity on the line /, the left and right hand members of the 
last equation take on the forms ©/ and 0/0 respectively. Thus we have two 
illustrations of the change from one indeterminate form to another. 

III. The following theorem from plane geometry furnishes examples of the 
indeterminate forms and — o, 

The bisector CM (Fig. 3) of an exterior angle of a triangle ABC divides the 
opposite side externally into segments which are proportional to the adjacent 
sides. That is, 

MA_CA 
MB CB’ 


Let BC and AB remain fixed in length, and let AC increase, approaching BC 
in length. Then CM becomes parallel to AB, while MA/MB becomes «/, 
But 

The difference MB — MA, which is always equal to the constant AB, becomes 
— 0, 

IV. An additional illustration of the form 0 X © is furnished by inversion 
with respect to a given circle, 2? ++ y* = a®. Let P and P’ be inverse points and 
O the center of the given circle, then 


OP - OP’ = a’. 


As OP approaches zero, OP’ becomes indefinitely large and OP - OP’ becomes 
0X «. In particular this form occurs in finding the inverse of a circle through 
the origin. The inverse is a straight line. 


x sine 

y siné 
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V. We add here two problems taken from works on hydraulics. 
The theoretical efflux Q (Fig. 4) through a triangular orifice in a thin vertical 


Fia. 4. 


plate or wall, with base, b, horizontal, is given by the following formula: 


(he — hi) 
Let hi = he; then certainly Q = 0, while the expression for Q in the formula 
takes on the indeterminate form 0/0. 


Again, in hydrostatics the head h’ on the center of pressure of a submerged 
rectangular plane, with edges parallel to the suttane, one end having a head he, 


the other a head fy, is 
3 hee — Ath, 


When he = hy, h’ = h, while the expression for h’ in the formula becomes 0/0. 
VI. We conclude with a few simple arithmetical illustrations. 


Q= 


0 1 
(1) Types: Constantly equal to 
2 3 33 333 1 
(2) Types: 100° 1000? Approaches 3. 
Any repeating decimal furnishes an additional example. 
(3) Type » — «: 1.3 — 1; 2.33 — 2; 3.3833 — 3; ---. Approaches - 
(4) Type0 x 1.2; 4; Constantly equal to 2. 
(5) Type «°: (2%)*; (2414; Constantly equal to 2. 


(6) Type 0°: (2-*)1/2; (2-4)1/4; Constantly equal 


H 
h 
1 
h ib 
2 
' 
' 
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A TRIBUTE TO SAMUEL WALKER SHATTUCK. 


Professor Shattuck was administrative head of the department of mathe- 
matics in the University of Illinois for nearly forty years (1868-1906), having 
come to the University as the first and the only instructor in mathematics when 
the entire faculty of the institution consisted of but eleven members. He lived 
to see the time when the faculty of his department was twice as large as the entire 
faculty of the University had been when he entered it. The remarkable growth 
of the University during the years that he was actively connected with it was 
largely due to his devotion and integrity, for he was not only in charge of the 
mathematical department during the greater part of this period but also very 
influential in directing the finances of the institution, acting as business agent 
and manager during the years 1873-1905, and as comptroller from 1905 to 1912 
when he retired on a Carnegie pension on account of failing health. 

Notwithstanding the fact that his university duties were unusually heavy and 
that he performed unselfishly the many other services to society which his prom- 
inence in the community made possible, he found time to write a mimeographed 
work on calculus, consisting of two volumes and giving evidences of much thought. 
He was regarded as a good teacher both in the classroom and outside of it, for 
his training as a soldier gave him a dignified bearing which led the former Presi- 
dent Draper to remark that “if he did nothing else it would be worth while to the 
state of Illinois to pay him his salary just to have him on the campus as a visible 
example to young men.” 

The great and faithful services which Professor Shattuck rendered the Uni- 
versity of Illinois during a long period of years helped to endear him to all inter- 
ested in its welfare, but his pleasing personality combined with a readiness to be 
helpful in every good work and to stand for justice and the strictest impartiality 
added very much to this endearment. 

During the last few years ot his life he witnessed numerous evidences of appre- 
ciation on the part of the alumni and the faculty, and since his death on February 
13, 1915, two appreciative biographical sketches, relating to his services, written 
by Professor S. A. Forbes and Dean T. A. Clark respectively, have appeared in 
the Alumni Quarterly of the University of Illinois. 

Professor Shattuck was an army officer during the Civil War, and belonged to 
a family of soldiers, his father, grandfather, and great-grandfather having all 
been officers in the colonial or national armies. He was born at Groton, Massa- 
chusetts, on February 18, 1841, and came to the University of Illinois from 
Norwich University, Vermont, where he had been professor of mathematics 
and military tactics. Although he entered the faculty of the University of 
Illinois less than half a century ago it is interesting to note that he was appointed 
assistant professor of mathematics, instructor in military tactics, and first 
commander of the University corps of cadets. These appointments indicate 
that the professor in the University of Illinois in those days did not enjoy sufficient 
leisure to become the scholar which the more recent opportunities have made 


a 
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possible. The varied duties of these early professors tended, however, to bring 
the students and the faculty into more frequent contact and thus they enabled 
the unusually strong members of the faculty to leave a more lasting impression 
on the minds and the hearts of their students than is possible under the more 
modern conditions. 

In his method of teaching, Professor Shattuck exhibited his usual willingness 
to be helpful to all who were likely to profit by such help, but he expected the 
student to do his part first. That is, he was willing to help all those who had 
made reasonable efforts to follow the explanations of the textbook and who had 
met with difficulties, but he did not, as a rule, lecture to his classes on the general 
bearing of the subject under consideration. His examination questions were 
usually rather difficult but he was not very severe in grading the answers. His 
students knew that they were dealing with a man who expected them to do 
serious work and who was likely to make few concessions for irregularities. 

While his many other duties prevented Professor Shattuck from taking an 
active part in the development of mathematics, he frequently exhibited a keen 
interest in these developments. In particular, he was one of the first to join the 
American Mathematical Society and he continued this membership to the end 
of his life. As evidence of his deep interest in teaching we may cite the fact that 
when the President of the University suggested to him that he might devote 
himself entirely to the financial interests of the University the President received 
the reply: “When I give up teaching I shall give up the University.” 

In brief, Professor Shattuck devoted himself without ostentation but with 
complete devotion to what appeared to him to be the most important work of 
the time. When, asa young man, his country seemed to need his services in the 
defense of a great principle he enlisted twice in the United States Army and bore 
bravely the hardships of the battlefield and the serious wound received while at 
the front. When he came to the University of Illinois and found that a few men 
had to shoulder a large number of important outside duties he assumed his full 
share and performed all his work punctually and with great care. As a member 
of the church, as a citizen, and as the head of a family he led an exemplary life, 
and thus extended his teaching beyond his classroom. In particular, his careful 
management of the finances-of the University inspired widespread confidence 
and this confidence has been one of the greatest assets in winning for the institu- 
tion the loyal support which has in recent years been given to it by the state. 

G. A. MILLER. 
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PROBLEMS AND SOLUTIONS. 


Epirep sy B. F. R. P. Baker. 
Send all communications to B. F. Finxg1, Springfield, Mo. 


PROBLEMS FOR SOLUTION. 


ALGEBRA. 
450. Proposed by J. E. ROWE, Pennsylvania State College. 


If the four roots of the quartic equation A = apr* + 4aix* + 6aez? + 4a; + a, = 0, are so 
related that B = aoa, — 4a,a3 + 3a,? = 0, show by elementary algebra that two roots of A are 
real and two imaginary. Show also by means of elementary algebra that A cannot have two 
equal roots without having three, if the condition B = 0 is satisfied, 

451. Proposed by H. S. UHLER, Yale University. 

Prove that : 


GEOMETRY. 


481. Proposed by PAUL CAPRON, U. S. Naval Academy. 


Show that the locus of the intersection of a pair of perpendicular normals to a parabola 
y? = 4pz is the parabola y? = p(x — 3p). 


482. Proposed by ROBERT G. THOMAS, The Citadel, Charleston, S. C. 


In laying out a kite-shaped mile race-track, composed of a circular arc and two intersecting 
tangents at the ends of the arc, determine the angle at the center of the are (a) when the length 
of the arc equals the sum of the two tangents, and (b) when the arc is equal to the length of each 
tangent. 


CALCULUS. 
' 402. Proposed by C. N. SCHMALL, New York City. 


If (x, y) be a double point on the curve u = f(z, y) = 0, show that (1) the two branches of 
the curve will cut orthogonally if proee 


0; 
and (2) if this point be made the origin, then the equation of the tangents to the branches will be 


where (z’, y’) are the current codrdinates of points on the tangents. 
Nore.—In an early issue, we will publish all the unsolved problems in Number Theory 
proposed from January, 1913, to December, 1915. Enprrors. 
SOLUTIONS OF PROBLEMS. 


ALGEBRA. 
439. Proposed by A. M. KENYON, Purdue University. 
If k, n are natural numbers, n > 2k, show that 
n+1 
or? 


1 2* kin—t 


where J (n/2) denotes the integral part of n/2 and ts) is the coefficient of x* in (1 + x)". 


ox oy 
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By Frank Irwin, University of California. 
On the right side . 
n—t n+1 


This formula expresses in symbols the well-known property of the Pascal triangle, 
that any term is equal to the sum of all terms above it in the preceding column. 
(See, for instance, Lucas, Théorie des Nombres, page 6.) 

Or it may be proved as follows: 


k(n-i k[(n-t+1 n—t k(n-it+l ktl (n-t+1 
n+1 ) 
n—-k+1/]° 
On the other hand, the left side of our given equation may be written 
n+1 
Qk 
jn —~-k+1 |k i=0 
Here the summation sign takes in the 2d, 4th,---, all the even-placed coefficients, 


n—-k+1 n—-k+1 
in the development of (1 + x)"-**';.the sum of which is well known to be 2"-*. 
Our formula, then, reduces to the obviously true form: 


m—k+i 
Also solved by the Proposer. 
440. Proposed by W. D. CAIRNS, Oberlin College. 
n being a positive integer, find the sum of the series 
Qn? + 4(n — 1)? + 2(n — 2)? + 4(n — 3)? + 2(n — 4)? + «++, 
where the succeeding coefficients are alternately 4 and 2; or, more generally, the series 
an? + b(n — 1)? + a(n — 2)? + b(n — 3)? + a(n — 4)? + ->>. 
L’Intermédiaire, July, 1913. 


Here all the terms but one cancel in pairs, leaving ( 


So.ution By Swirt, University of Vermont. 


The problem as originally published in the September, 1915, issue contained two misprints. 
The question is indefinite. These series are not convergent, and do not break off after a finite 
number of terms. However, it is easy to find the sum of 2k terms. 

Expanding, we can write the second series as 


S =a{n?+n? —4n+4+ —8n4+ 16 +n? — 12n4+ 36 + + n? — 2(2k — 2)n + (2k — 2)} 
+ bin? —2n+1+n? —6n+9+n? —10n +25 +--+ +n? — 2(2k — 1)n + (2k — 1)?} 

= a{kn? — + [2k — 2]*)} 
+ bikn? — +34+5+ + 2k —1) + (124+ + 5 + +++ + [2k — 1)]*)}. 
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Summing the series in parentheses we obtain 


— k 
7}. 
which may be written as 
(a + b)kn* — Ink(ak + bk — a) + +0) — + @a— 


Also solved by H. C. Feemster, Horace Onson and the Proposer. 
441. Proposed by W. D. CAIRNS, Oberlin College. 
Prove that the equation (e — 1)z = e? — 1 has two and only two real roots. 


I. Soxution sy H. S. Unter, Yale University. 


Let y = e? — 1 — (e — 1)x and observe that y = 0 for z = 0 and x=1. It remains to 
show that there can be no more real roots. 


d 


Equation (1) shows that the slope of the tangent is positive for all values of x greater than 
log. (e — 1) and negative for all values of x less than this value (x = 0.541325). Since e* is 
essentially positive, equation (2) indicates formally that the single stationary point, indicated by 
equation (1), corresponds to a minimum value of y. The codrdinates of the minimum are 
xo = loge (e — 1) and yo = (e — 1)(1 — m) — 1 = — 0.211867. It is clear, therefore, from the 
properties of the graph that the curve cannot cut the axis of z in more than two points and 
hence the given equation has two and only two real roots. 


II. Sotution py Grace M. Barets, Ohio State University. 
Writing ¢ in series form in each member and transposing, the equation becomes 


z-1,2-1,2-1 1 ,z+1,2+2+1 
Hence, 0,2—1= Since each term of the left 


member of the last equation is positive, this equation can have no real positive root. 

To prove that the original equation can have no real negative root, put it in the form 

e-—1’ 
or x = e*~! + e7-? + e7-3 + ---, a convergent series. Any real negative number makes the left. 
member negative but the right member positive, and hence there are no real negative roots.. 
Hence, 0 and 1 are the only real roots. 

Solutions were also received from W. L. Acarp, F. L. Grirrin, H. C. Feemster, WALTER 
C. Exits, Horace Otson, C. E. Horne, C. Nicuots, and Frank Irwin. 


GEOMETRY. 

467. Proposed by E. T. BELL, Seattle, Washington. 

It is well-known that if i, j, k, / are concyclic points, W; the Wallace line (frequently, and 
erroneously, called the Simson line), of 7 with respect to the triangle jkl, then Wi, W;, We, Wi 
are concurrent, say in the point {i, 7, k, 1}. If 1, 2, 3, --- denote concyclic points, prove that: 

(i) {1, 2, 3, 4}, {1, 2, 3, 5}, {1, 2, 4, 5}, {1, 3, 4, 5}, {2, 3, 4, 5} are concyclic; say on 
the circle [1, 2, 3, 4, 5]; 

(ii) Starting with 1, 2, 3, 4, 5, 6, omitting each point in turn, by (i), six circles, are found; 
these are concurrent, say in the point {1, 2, 3, 4, 5, 6}; 

‘ on Starting with 1, 2, 3, 4, 5, 6, 7, seven points of the kind in (ji) are found; these lie on a 
circle. 


= 
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(iv) Continuing thus indefinitely, there is, in each case, finally a unique point or circle accord- 
ing as the number of initial points is even or odd. Also, at any stage, the point of concurrence on 
the circle bears a simple relation to the initial points: what is it? 


I. Sotution sy J. W. Ciawson, Collegeville, Pa. 


If H; is the orthocenter of triangle jkl, O the center of the circle, radius R, on which the 
points i, j, k, l lie,— 

iH; = twice distance of O from kl =j7 H;. Also iH; is parallel to 7 H;; hence H;H; is equal to, 
and parallel to, ij. It follows that H;H;H;H: is inversely congruent with ijkl, the corresponding 
sides of the quadrilaterals being equal and parallel, but arranged in opposite orders. 

Again, i H;, j H;, k Hx, 1H: have a common mid-point; and, since 1H; bisects W; and so on, 
this common point is the point of concurrency of W;, W;, Wx, W:. The point of concurrency 
4t, j, k, U} bisects the join of O to the center of the circle circumscribing H;H;H;Hi. 

(i) If Hiss is the orthocenter of triangle 123, Hizs, Hess, Hsa1, Hai2 are four vertices of a 
pentagon inversely congruent with 12345. Moreover the sides of this pentagon are parallel to 
the corresponding sides of the pentagon 12345. Call the center of the circumcircle of this 
pentagon, P;. Similarly Hi23, Hoss, Hss1, Hsi2 and three other sets of orthocenters determine 
four other congruent pentagons with parallel sides. Each of the orthocenters occurs as a vertex 
of two of the pentagons. It follows that Ps, Ps, P:, P2, P:, the centers of the circles circumscribing 
these five pentagons, form a pentagon which is congruent with each of the pentagons and hence 
inversely congruent with the original pentagon 12345. The points Ps, Ps, Ps, P2, P: are therefore 
concyclic. Call the center of their circle, Og. 

It follows at once that the points (1234), (2345), (3451), (4512), (5123) are concyclic on a 
circle of half the radius of the given circle, its center bisecting the join of O to Os. 

(ii) The circle, center O¢, passes through Ps, the center of a circle determined by the orthocenters 
of the triangles obtained by selecting triads of points from 1, 2,3, 4. In the same way if we con- 
sider the five points 1, 2, 3, 4, 6 we shall obtain a circle, center Os, which passes through Ps; and 
through four new points. In this way we can get six hexagons, one of which has P;, Ps, Ps, Ps, 
_P; for five of its vertices, each inversely congruent with the hexagon 123456 and five vertices of 
each hexagon (orthocenters of triangles obtained by selecting three points from the six) belong- 
iing also to a different hexagon of thesystem. It follows that 0s0;0,0;0.0; forms a hexagon which 
fis congruent with each of the hexagons and hence is inversely congruent with the original hexagon 
123456. Hence O¢, Os, Os, Oz, Oz, O1 are concyclic; and the circles with Os, Os, O4, Os, O2, O1 
as centers and with R as radius concur at a point, say Q;. 

It follows at once that circles (1, 2, 3, 4, 5), --- concur at a point halfway between Q, and O. 

(iii) This process can be continued indefinitely as stated in the problem. 


II. Sotution sy Norman ANNING, Chilliwack, B. C. 


Letting = cos 6 +7 sin ¢, then (j = 1, 2,3, 4---) are points on a circle of radius R, 
whose center is at the origin. The W line of 4 qué 123 passes through the foot of the perpendicular 
from 4 on line 12 and makes with this perpendicular an angle equal to that between 13 and 14. 
All points on W, are given by 

61+ 02 ‘ 01+02+ 03—O4 


Rei% +he 4 xe 2 


where z is a running coérdinate on the line and k, the distance from 4 to 12, is to be determined. 
Projecting on the radius vector midway between 1 and 2, 


6, + 6, — 04-02 . 04-6; 
k + Ros (0, — ) R cos ‘ k = 2R sin sin 
63 — 61 +62 03+ 


Ws is + 2R sin => ye 2 


2 


| 
| 
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To find the common point of these lines equate the two expressions, separate reals and imagi- 
naries and solve for x and y. Result: 


z= y = 2R cost t%—% 


When the exponential values are inserted for the sines and cosines, the expression for the common 
point of W, and W; becomes 


(cits + its + els + eft) 
The symmetry of this expression shows that the point is the common point of the four W lines, 


{1, 2, 8, 4} is + + + + ets — ett), 


{1, 2, 3, 5} is (cits + + cits + cits + its — ott), 


(2, 8, 4, 5} in (eit + + cits + + cits — eit), 
These 5 points lie on the circle whose center is the point, a3, e*®p, and whose radius is R/2. 
Where ¢ is variable, the circle si 
[1, 2, 3, 4, is (ett + + + + ett) + Bets, 


[1, 2, 8, 4, 6) is (etm + + + + cite) + Bets, 


[2, 3, 4, 5, 6] is + eis + + + + 
These 6 circles have the common point, 
(cits + elt + + + + 


In the next step the 7 points, of which {1, 2, 3, 4, 5, 6} is one, lie on the circle whose center is 
=7 

ey e*®» and whose radius is R/2. Then follows a group of 8 such circles having the common 
p= 


p=8 
point, > ef, etc., ete. 
p=1 


In general, with an even number of initial points this method yields a point. The vector to 
this point from the origin is half the sum of the vectors to the initial points. With an odd number 
of initial points we have a circle whose radius is half that of the original circle and the vector to 
whose center is half the sum of the vectors to the initial points. The “ W”’ points on this circle 
are in perspective relation to the initial points. 


CALCULUS. 
363. Proposed by B. F. FINKEL, Drury College. 


The axis of a right prism whose cross-section is a regular polygon of n sides coincides with the 
diameter of a sphere of radius R. Find the surface of the sphere included within the prism. 


I. Soxution By H. S. Unter, Yale University. 


Let a denote the apothem of the right-section of the prism. The required area will be ex- 
pressed as a function of a, n, and R. This area may be analyzed as 4n triangles on the surface of 


52 SOLUTIONS OF PROBLEMS. 


the sphere. Each triangle is bounded by arcs of two great circles and one small circle. The plane 
of one great circle contains the axis of the prism and the apothem to the chosen lateral face. 
The other great circle is determined by the same axis and a lateral edge of the selected face. 
The small circle is the intersection of the same lateral face and the spherical surface. 

An element of surface of the sphere may be written R? sin ¢ d¢dé, where ¢ is the polar angle 
reckoned from the axis of the prism and @ is the azimuth with respect to the plane containing the 
apothem. ‘nga the geometry of the problem it is readily seen that the total area required is 
expressed by 


A = 4nkt do sin where sin ® = sec 0; 


whence 

A = 4nkt 6) ao 
or 

A = — 4nR (NR? — a? sec? 6) dd. 


The indefinite integral may be evaluated as follows. Let y =-sin 0, then. 
S (N= = f = — 


(NG =a) = RY dy (NR — 
sJ 
The integral 
Formula 187 of B. O. Sl ne Table of Integrals gives 
dz dz 
U = ve? — 1 —2 : 


The first and second of these integrals can be reduced by formulae 161 and 183 respectively, so 


that 


In like manner, the substitution u = 1 — y gives 


Returning to @ and noting that a = (1/R) VR? — a? we find 
Reins (280? 
VR? — a? 


+sin —a@ ] 


RVR? — a*(1 —sin RVR? — + sin @) J° 


Making use of the relation sin-! 6 — = sin- (6vi — >! — — the following form 
(which I have verified by differentiation) is obtained, namely 


R sin 6 2a (tan @)( VR? — a? sec? 6) 


Sf (NRF = R sin ( 
Finally © >n>3 


VR? — R? — a? 
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Remarks, In the preceding analysis it has been tacitly assumed that we are dealing with 
the general case where the small circles intersect in real points thus forming a scalloped polar zone. 
Keeping n and R constant and increasing a, from a sufficiently small value, a time will come when 
the small circles will be externally tangent to one another. This will happen when the lateral 
edges of the prism are tangent to the sphere, that is, when the cross-section of the prism becomes 
inscribed in a great circle. Then a = R cos (x/n). This equation also follows at once from the 
second term of the final formula for A since the greatest value attainable by the sine of an angle is 
unity. In other words, the equation : 

R sin (x/n) 


VR? — a? 
leads to a = R cos (x/n). Again, this relation affords a means of checking the formula for A. 
Substituting R cos (#/n) for a in function A and taking = for the value of sin 0, we find 


A = — 2xnR? + cos (x/n) = 4xR2(1 — n sin? (x/2n)). 
Precisely the same result is obtained from the theorem that the area of a zone of one base is equal 


to the product of its altitude (R — R cos (x/n)) by the circumference of a great circle. When a 
starts from zero and increases to 
R cos (x/n) 


V1 + sin? (x/n) 
the expression in brackets in the last term of the formula for A increases from 0 to 1. Then asa 
continues to increase up to RF cos (x/n) the expression between the brackets decreases from 1 to 0. 
Therefore the angle increases continuously from 0 to x. When a exceeds R cos (x/n) the small 
circles do not intersect, the formula for A does not apply, and the problem degenerates to the 
calculation of areas of zones of one base. It may also be remarked that the formula for A can be 
rationalized by making use of the relation 2 sin-! x = cos“ (1 — 2z?). 

A very convincing check on the correctness of the formula for A is afforded by making n 
infinite while keeping a and R constant. We should then find A = 4rR? ~ 4xR(R* — a*)* for 
the sum of the areas of the two zones cut out by a coaxial cylinder of radius a. By expanding in 
infinite series the functions involving n and then substituting n = © we obtain at once the limits 
— 4rR*(R? — a?)~4 and + 47a*R(R? — a*)-4 for the second and third terms of the expression for 
A, respectively. But — 4rR*(R? — + — = — 4rR(R? — a*)}, as required. 


1 


II. By THE PROPOSER. 


Let O, the center of the given sphere, be the origin of Cartesian codrdinates; the axis OC, of 
the prism, the z-axis; the line OX through L, the mid-point of a side of the regular polygon 
formed by the intersection of the prism and a plane through O perpendicular to the axis of the prism, 
the z-axis; and OY, LOA and OC, the y-axis. Call OL, the apothem of this polygon, b. 

The equation of the sphere is then z* + y* + 2* = R? and the equation of the line OB is 
y = ztan (x/n) = mz, say. Then the surface of the sphere included by the prism is 4n times the 
area of the triangle PCN. The required surface is, therefore, 


a 
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= sin — dz = = 4nk sin 


b 
= 4nR in“ 
by integrating by parts. eaiiade 
To integrate the last expression, let z = R sin 0/V1 + m®. The integral then becomes 


Hence, 


ant {sin ( — [tans (5) 


R- lee — be sect 
When n = 4, 


a result agreeing with that in Osborne’s An Elementary Treatise on the Differential and Integral 
Calculus, p. 270, example 5. When n= o, the prism = a cylinder and 


VR? — VR? — VR? — 
that is, twice the circumference of a great circle of the sphere times the altitude of the zone, or the 
surface of two zones of altitude (R — VR? — b?). 


Also solved by J. W. CLawson. 


381. Proposed by ELBERT H. CLARK, Purdue University. 


Of all points having the same latitude and a constant difference a in their longitudes, to find 
the latitude of the two so situated that the distance between them, measured along their common 
parallel of latitude, shall exceed the distance between them measured on their great circle by the 
greatest possible amount. 


= 4nR(R VR — B), 


SotuTion By W. C. Eruts, U. S. Naval Academy. 


Let L be latitude of the points, 2d (in radians) their difference in longitude, 2d and 2D the small 
ircle \lati and great circle distances between them, and y = d — D. Let the earth be a 
spheyé of radius unity. Since the radius of the latitude circle is cos L, 


d = cos L. (1) 
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N.P. 


Dropping a perpendicular from the north pole to the great circle through the two points, we have 
two right triangles. Whence, by Napier’s rules of circular parts, 


sin D = sin \ cos L. (2) 
From (1) and (2), y = \ cos L — arc sin (sin \ cos L), and it is desired to find the maximum value 
of y. 
Let 
dy sin 
= dein + L 


Then, sin Z = 0 is a solution, giving L = 0, obviously the minimum value of y. 
The other solution is 


2 — gin? 


L = 


the maximum. Whence, L can be found for any given. As d varies from 0° to 90°, 2d varies from 
0° to 180° and L varies from 90° to 39° 32’ 23”. For \ = 30°, L = 53° 34’ 42” and for \ = 60°, 
L = 49° 31’ 16”. 


Also solved by J. A. Caparo, Paut Capron, Horace Orson, C. N. SCHMALL. 

382. Proposed by B. J. BROWN, Student in Drury College. 

Discuss for what values of m and n, the integral, f : z™-1(1 — x)"—dz, is finite and show how 
this integral can be expressed by means of integrals of the form f * e-=zP-Idz, 


Sotution By H. L. Acarp, Williams College. 


1°. The integrand has no singular points for m=1 and n=1. The only singular points 
are = O for m < lands =1forn <1. 
Pierpont! states the 


TueorEM. Let f(z) be regular in the interval (a, b), except at a. For some 0 < u <1, let 
R lim (x — a)#|f(x)| be finite. Then f(z) is absolutely integrable in (a, b). 


[The symbol R lim indicates that z = a from the right. A similar meaning attaches to 
Liim. The theorem ‘epplies equally to a singularity at b.] 
R lim —2z)"|, m<1l. 
z= 
Evidently, this limit is finite for m > 0 and 1 — m <u <1. 
Consider 
L lim (1 — — n <1. 


Evidently, this limit is finite for n > 0 and1—n <u <1. 
Hence, by the above theorem, the integral is absolutely convergent if both m > Oandn > 0. 


1 Pierpont, Theory of Functions of Real Variables, Vol. 1, p. 407. 
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2°. The integral under consideration is known as the Beta function, or first Eulerian integral, 
and is denoted by B(m, n). This function is to be expressed in terms of the Gamma function, or 


second Eulerian integral, = The required relation is 


(m)T (n) 
n 
B(m, n) = — 2) (1) 
set z = y/(1 + y), obtaining, ‘ 
n) = G+ yr (2) 


In 
= 
if we set z = az, we get the formula, 


= Taide (3) 
In (3) replace a by 1 + y and m by m + n, obtaining, 
1 z 


(2) and (4) give 
B(m, 2) = Ea) ay (5) 
In (5) the order of integration may be inverted.? For, (1) the integrand, f(x, y), is continuous in 
the first quadrant, except on the axes; (2) the integrals, (2, y)dx and (x, y)dy are uniformly 


convergent? in any intervals (a, b), a> 0, and (a, 8), a> 0, respectively; and (3) J * dx f. a (x, y)dy 
exists, since 
= by (3) 
= (6) 
and, therefore, for a > 0, using (6), 


The conditions for inversion being fulfilled, (5) and (7) give the desired result, 
I'(m)T(n) 

+n)" 

383. Proposed by WILLIAM CULLUM, Albion, Mich. 


Find the area of the curved surface of a right cone whose base is the asteroid, 2? + 42/3 = a?/3, 
and whose altitude is h. From Townsend and Goodenough’s First Course in Calculus, p. 288, 
Ex. 11. 

Note. Among other methods, find the required area by means of the formula 


SI Na+ (3) + (5) 


Bi(m, n) = 


EpITors. 


& 2See Nielson’s Handbuch d. Theorie d. Gamma Functionen, pages 148-9. Pierpont, loc. cit., 
680, 3. 
* Pierpont, loc. cit., § 663. 


| 
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Two Sotutions By F. L. Grirrin, Reed College. 


(I) By a single integration. The element of area is a triangle, whose base ds is an elementary 
arc of the asteroid, and whose altitude H is the perpendicular from the vertex of the cone upon the 
tangent to the arc ds. This perpendicular is the hypotenuse of a right triangle whose legs are the 
height of the cone h, and the perpendicular p from the center of the base upon the tangent. Hence 


dS =4Hds, where H = wh? +p’. 
From the parametric equations of the asteroid z = a cos* t, y = a sin® t, we find ds = Vdz* + dy* 
= $a sin 2idt. Also, since dy/dz = — tan t, the equation of the tangent line is Y — a sin® ¢ 
= — tan (X —acos*t). On reducing this to the normal form we find 


_ @sin* ¢ + tan - a cos*¢ 
sec 


= asin 2t; 
whence 


+ 2 = — a? cos? 2i. 
Finally, 


which reduces, on putting cos 2¢ = z, to 


4h? +- a? Pe a 

[This result, by the way, has a simple interpretation: Three times the right triangle which forms 
half of the broadest vertical section of the cone, increased by three times a circular sector whose 
radius is the smallest slant height of the cone and whose angle is the angle between two such 
opposite smallest slant heights.] 

(Il) By the formula Sf Fr V1 + (d2/dx)* + (d2/dy)*dydz. The equation of the surface, taking 
the origin at the center of the base, is 

z=h— (x2/8 + 3/2 


whence 


a2/3—x2/8)3/2 he 
Put z = au®*®, y = av*2, h/a = 1/k, and we have 


S= + (u + v)*dvdu 


frau [ O+ V + 2 — + 4k2)u2 


_ (a +24 + V (20 +2 + Bu)? — 
8 2 
where 


9a? Qa*(k? +2) + 2) 


h = log (2 + Mu +241 + — 


| 
} 
‘ 
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To evaluate J;, complete the square and put 
1 Ve+4. 
sin). 


v1 + Bu — Bid = , 


2+ Ku = + 4)(1 + sin @ sin 6) where a = (k/~vk* + 4) = cos (2/~vk* + 4). 
ence, 


1, = + sin asin 0) cos? odo 


- [90 + 20 — = 


+ 4)? 2k 
32k? [« i| 
To evalute J;, first integrate by parts, putting 
U =log ay = 
Then 
2+u+2R 8 


where R = Vi + u — 2. Then 


3, 
1, = tog 2 + + — ROL 


hog 4) — Te 


where 
+ 4) udu +4)! 
= sin? + 3a sin a — 3 sin* a 008 al, 
and 
I + 4)? utdu 
q@ 
16 V1 + Ru — + + 2 V1 + — 
+ 4)? (sin a + sin 6)4d0 
: 128k —asin a sin + cos a cos 9 + 1’ 
since 


2+khu = and 2R = vk? +4c0s0 = }(k? + 4) cosacosé. 


Hence, 


_ +4)? (242) 


16k? 


los? dé. 
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By making imaginary exponential substitutions, or putting @ = 2¢ + a and expanding, we find 


15 = SO hain (20 + 2a) — 8 sin (0 + a) + 60 + } sin (30 + a) 


+ sin (6 + 3a) — 2 sin 20 — 49 cos 2a + 6 sin (0 — a)|%e 
= sin cos? a — sin 008 @ + + 4 a) 


a*(k? + 4) 
[— 2k(17k* + 12) + (15k? + 12)(k* + 4)al. 


Collecting results we find, since S = I, — I, —I3 + Iu, 


+ 4)(5K + 12) _ + + 12) 
32k? 128 128k? 


+o {36(k? + 4) — 48(K* + 2) — 8k*(k® + 4) — Ok*(k® + 4) + (17K + 12)(K* + 4)} 


B+ 4 


Also solved by G. W. HartwE Lu and the Proposer. 
398A. Proposed by EMMA GIBSON, Drury College. 

(This problem was unnumbered in the December issue.] 

Solve the differential equation 


+ + + Dy + — — + =0. 


SoLuTIon BY FrepERIcK Woop, University of Wisconsin. 
The equation 


(ay! + + ay + Dy + — — + =0 
reduces to 


_ and finally to 


from which we get 


+ 1)(ydx + ady) + (2*y* + ry)(ydx — = 0 
+ + ydx + rdy — 2x*ydy = 0 
This becomes, after integration, 
xy 2logy =<, or xy? — 2ry log c’'y = 1. 


Also solved by H. W. W. Beman, H. S. Exisan Swirt, Horace Onson, 
8. E. Rasor, G. Keuriean, H. L. Acarp, ELMER Scuvuy.er, and B. J. Brown. 


QUESTIONS AND DISCUSSIONS. 


Epitep By U. G. MitcHE.1, University of Kansas. 


REPLIES. 

24. The following facts are significant: 

(1) The New England Association of Mathematics Teachers has appointed a committee 
“to investigate the current criticisms of high school mathematics.” 

(2) A committee of the Council of the American Mathematical Society has under con- 
sideration the question “‘ whether any action is desirable on the part of the Society in the matter 
of the movement against mathematics in the schools.” 

(3) At the recent meeting in Cincinnati of the National Education Association an icono- 
clastic discussion on the topic: ‘“‘ Can algebra and geometry be reorganized so as to justify their 
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retention for high school pupils not likely to enter technical schools? ”’ aroused approbation and 
applause. An outline of the remarks by one of the speakers was printed in a previous issue. 

In view of these facts what should be done by those who believe in the value of mathematics 
as a general high school study? 


Rep ty spy N. Moore, University of Cincinnati. 


The best thing to do is to devote a little time and effort to pointing out the 
essential unsoundness of the arguments that have been advanced against the 
retention of mathematics as a required subject in the high schools. The movement 
against mathematics is, for the most part, confined to a group of educational 
theorists who feel that they must advocate something new in order to convince 
their readers that they are investigators. This group, however, has made up in 
volume of sound for what it has lacked in numbers and, in consequence, has 
deceived many people into thinking that it represents a widespread trend of 
thought. 

The statement that there is at the present time much uncertainty as to the 
educational value of algebra and geometry will not bear examination. That the 
thinking public is as firmly convinced as ever of the high educational value of 
these subjects was conclusively shown by the answers to a questionnaire sent 
out recently by Professor Hancock. This questionnaire was sent to a group of 
the most prominent physicians, clergymen, lawyers and business men throughout 
the country; it was also sent to a similar group of residents of Cincinnati. In 
the first group 90 out of a total of 99 advocated a high school course in which 
mathematics was a required subject; in the second group 96 out of a total of 105 
did the same thing.’ In view of these replies it seems to the writer that the burden 
of proof rests upon those who wish to displace mathematics as a required subject 
for high school pupils. 

The statement that recent investigations have thrown doubt on the dis- 
ciplinary value of mathematical study is absolutely without justification. The 
chief disciplinary value of mathematics is in the training of the reasoning powers 
it affords. The writer has gone over the literature on transfer of training quite 
recently, and does not know of any experiments that involved training in logical 
reasoning. It is absurd to contend that experiments based on the marking of 
certain letters on a printed page or guessing the size of pieces of paper, will enable 
one to draw valid conclusions with regard to the training afforded by the study of 
mathematics. 

The statement that the value of mathematics as an instrument has been 
greatly exaggerated, is also without foundation. As a matter of fact the ma- 
jority of people do not realize the wide extent of the applications of mathematics. 
The writer is continually meeting people who are deploring their lack of mathe- 
matical training because their deficiency in this respect renders it difficult or 
impossible to pursue some particular study or calling in which they are interested. 
In a recent article in Science,’ Professor S. G. Barton pointed out the fact that in 


1 For a more detailed account of Professor Hancock’s investigation, cf. School and Society, 
Vol. I (1915), p. 893. 
2 Volume 40 (1914), page 697. 
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104 articles of the Encyclopedia Britannica, eleventh edition, use was made of 
the symbols of the infinitesimal calculus. Only about one fourth of these articles 
could be classed as dealing with pure mathematics. 

The statement that the great majority of the teachers of mathematical sub- 
jects in high schools are not informed as to “ the ultimate educational values ” 
of these studies, seems much exaggerated. Undoubtedly some of these teachers 
are not so informed, and the reason for it lies in the deficiency of their own mathe- 
matical training. The remedy for this lies in demanding a greater amount of 
preliminary study of mathematics as a qualification for the teaching of that 
subject in the high schools. 

The suggestion that mathematics might be made more cultural by introducing 
purely descriptive courses in this subject, is in line with the effort in certain quar- 
ters to convert our high schools into kindergartens for students of high school age. 
The idea that mathematics could be “interpreted ’’ to a student that never had 
a mathematical idea in his head, would be amusing if it were not advocated as a 
serious proposal. 


DISCUSSIONS. 


RELATING TO THE “‘ SIMSON LINE ” OR ‘“‘ WALLACE LINE.” 
By Roger A. Jonnson, Western Reserve University. 


(Cf. statement in this Montuty for June, 1915, p. 201, problem No. 467.) 

It is a well-known theorem that the feet of the perpendiculars from a point 
to the sides of a triangle are collinear if and only if the point lies on the circum- 
scribed circle of the triangle. This theorem has always been known as Simson’s, 
and the line as Simson’s line, until recent times, when an attempt has been made 
to replace Simson’s name by that of Wallace. See, for instance, this MonTHLY, 
June, 1915, p. 201, problem 467. The purpose of this note is to submit the propo- 
sition that the name “Simson Line” should be retained. It would be desirable, 
perhaps, to have the views of readers of the MontuLy on the matter. 

Let us first determine the facts. Some thirty years ago, the inquiry was made 
as to where in Simson’s works the theorem in question was to be found. Search 
was made, especially by that able investigator J.S. Mackay of Edinburgh, who read 
all known writings of Simson, without finding an allusion to the theorem. Further 
investigation persuaded him that the fact was discovered by one William Wallace 
about 1798; it seems to have appeared in print for the first time in that year, 
in Leybourn’s Mathematical Repository.!_ Mackay also? traces the source of the 
erroneous ascription to Simson. Early in the century, Servois* cites the theorem, 
introducing it in the following words, “le théoréme suivant, qui est, je crois, de 
Simson.” A little later, Poncelet in his “‘ Propriétés Projectives,” 468, reproduced 
this statement without the qualification, and his authority was evidently suf- 


1Cf. Muir, Proceedings of the Edinburgh Math. Society, Vol. 3, p. 104. 
2 Mackay, Proceedings of the Edinburgh Math. Society, Vol. 9, pp. 83-91. 
3 Gergonne’s Annales de Math., Vol. IV, p. 250. 
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ficient to perpetuate the error. Certainly, until the last decade of the nineteenth 
century, no one doubted that the theorem was Simson’s. Now, however, there 
seems no reason to believe that he ever heard of it. 

If, then, the theorem is Wallace’s, should it not be given his name, in tardy 
recognition of the debt we owe him? After Mackay’s researches had been pub- 
lished, he and other Scotch writers made the innovation, unwisely it seems to 
the present writer. At present, custom is divided. No author dares use one 
name without mentioning the other. 

In any such situation, it is obvious that an attempt to effect a change from a 
universally established term to a new one will involve such an amount of con- 
fusion that we must convince ourselves that the advantages are sufficient to 
outweigh the inconveniences. The most powerful, and perhaps only reason for 
changing is that of justice, to assure to every discoverer the credit due him. This 
seems inadequate. In general, the fact that a theorem is named for a man is 
neither a sufficient indication that the theorem was discovered by him, nor, on 
the other hand, a definite characterization of the theorem. The classic example 
of an unjustly named theorem is Cardan’s solution of the cubic, discovered, as is 
well known, by Tartaglia; several cases of the same kind will occur to the reader. 
On the other hand, the expression “ Steiner’s Theorem,” for instance, may mean 
any of numerous familiar theorems. If, in particular, we continue to designate 
the line under discussion as Simson’s line, or rather as the Simson line, we shall 
not be implying that it was discovered by Robert Simson, but that his name is 
attached to it by long-established custom. 

There is, however, another reason for opposing the change, more cogent than 
this. The term “ Wallace’s line ” already has a well defined meaning in another 
field of science, namely Zoégeography. According to Webster’s New Inter- 
national Dictionary, it was named for Dr. Alfred Russel Wallace, and is “ an 
imaginary line separating the Oriental and Australian regions. . . . The faunas 
on either side of the line are remarkably distinct.” Now it is not likely that this 
line will be confused with the one mentioned in our theorem, but it would seem 
that since we are in a position to choose, the wisest choice is that which avoids all 
possibility of confusion. 


CORRESPONDENCE. 


To THE Boarp oF EpiTors: 


Thinking in retrospect of the organization meeting at which the MaTHEmat- 
ICAL ASSOCIATION OF AMERICA was launched, I desire to congratulate you upon 
the very successful issues of the meeting, and upon the very auspicious beginning 
of the new Association. 

One thought has occurred to me that I have not yet heard expressed. It 
relates to the toast on “ The economic value of the young ” to which Professor 
Hedrick so aptly responded at the luncheon tendered by the mathematics faculty 
of the University of Ohio. Now, economic considerations are of very vital import 
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to the average teacher of mathematics. His salary, as well as his rank and pro- 
fessional standing, are very closely related to the way in which he is regarded by 
other mathematicians, in his own institution and throughout the country. His 
advancement usually depends upon a change from one institution to another, or 
on the prospect of such a change. Until the present time the only way of claiming 
the regard and good opinion of mathematicians outside of one’s own institution 
has been through research. This has resulted in great emphasis on activities in 
research and small emphasis on effective teaching, when appointments and 
promotions are considered. The new association should become an avenue 
through which an effective teacher may gain the good opinion of the profession 
at large because of the quality of his work and through contributions to the 
solution of the problems of the teacher. In this way salary, rank, etc., may come 
to be more closely related to service rendered. May not the new born Associ- 
ation thus become a very material economic asset to many worthy teachers of 
mathematics? 

The economic motive may become an influence of considerable proportions 
in promoting activities in the new Association, as I believe it has been in pro- 
moting research which finds its expression through the old Society. 


E. Roor. 
U.S. Navat AcapEmy, 
January 4, 1916. 


ECHOES FROM THE COLUMBUS MEETING. 


All will be interested to know that the membership list of the Association 
is growing apace, over one hundred per week being the record for the time since 
the announcements were distributed. It is taken for granted that all who signed 
the call for the organization meeting will come in as charter members. In fact, 
the membership committee of the Council has already elected all of these persons 
to membership so that there will be no delay when their names are received. 
Large numbers of them are already in, as well as many of those whose names 
were received too late to appear in the call. 

Attention is again called to the provision of the Constitution that in the 
case of all who join the Association before April 1, 1916, the initiation fee is to 
be waived. Doubtless, many who fully intend to take advantage of this pro- 
vision may find themselves characterized in the following note just received 
from a prominent member of the faculty of a great New England University: 

You may have wondered why I did not join the Mathematical Association earlier, if you 
thought about it at all. It has been negligence and not lack of appreciation for the movement 


you have had so much to do with. I feel a large personal debt to the Monruty, and I believe 
it will do even more good in the future than in the past. 


It is confidently believed that such declarations of allegiance, just at this time, 
to the Mathematical Association of America, will prove to be as important a 


service to the cause of mathematics in this country as may be rendered by those 
who are in any way related to the collegiate field. The establishment of a widely 


4 
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representative membership of large proportions within a period of sixty days 
(from the distribution of the announcements) will set a record and create a 
momentum which should sweep all obstacles from the path. 

Institutional memberships are coming in as rapidly as could be expected in 
view of the time required to make such arrangements. One of the universities 
on the former subsidy list has shown its confidence in the cause by subscribing 
for an institutional membership for a period of five years in advance. It is 
believed that many institutions will consider it an honor to be thus connected 
with this Association. 

A correspondent asks whether a delegate sent by an institutional member 
to a meeting would be counted as an individual member. This is clearly not 
contemplated by the Constitution. Institutional members are those who support 
the Association by the payment of the individual dues, and only the names of 
such persons will appear in the address list of individual members to be printed 
later. There will also be printed a list of institutional members, but this list 
will not be accompanied by the names of delegates, since these will vary from 
time to time. The names of delegates actually in attendance at any meeting 
will be printed with the report of that meeting. An individual member may, 
of course, be delegated by an institution to represent it at any meeting. The 
two copies of the Monruty to be sent to institutional members will in all cases 
be mailed directly to the library of the institution, and not to individual members 
of the faculty. 

Inquiries are coming in with respect to the formation of state sections of the 
Association. One of particular interest at this time is from the state of Georgia. 
It is hoped and believed that many new organizations of this character will be 
formed as soon as there is time for the plan to become sufficiently well known; 
and also that many existing organizations will be directed into this channel. 
Emphasis is laid upon the state as a convenient geographical subdivision for a 
section, because of the fact that there are already mathematical organizations 
in many cases in connection with the general state teachers’ associations, and 
these can be readily transformed into sections of the new Association. More- 
over, the meetings of such sections can be held at the same time as the general 
state meetings, thus making it possible for larger numbers to get together, and 
avoiding unnecessary duplication of places and times of meeting. The Com- 
mittee on the organization of sections is working out the details and will have a 
report ready to publish in the March issue. 

Suggestions have already been made for starting a library for the Association. 
For the present it will be in charge of the Secretary, and any who wish to con- 
tribute books or journals may send them directly to Professor W. D. Carrns, 
Oberlin, Ohio. The Managing Editor wishes to announce that through the 
kindness of Professor E. H. Moors, he has been able to make up a complete 
set of the Montuty. These volumes will be bound and placed in the Library 
at an early date. This is especially fortunate, since it is almost impossible now 
to secure complete sets of the Montuty. Some publishers have also contributed 
certain books. A complete list of these will be published soon. 
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NOTES AND NEWS. 


Epitep By D. A. Rorsrock, Indiana University. 


A late volume of the Proceedings of the Indiana Academy of Sciences con- 
tains an extended treatment of “Some properties of binomial coefficients,” by 
Proressor A. M. Kenyon, of Purdue University. 


“The theory of invariants,” by Proressor O. E. GLENN, of the University 
of Pennsylvania, has been published by Ginn and Company. 


Miss GertruvE I. McCain has been appointed professor of mathematics in 
the Oxford College for Women at Oxford, Ohio. 


John Wiley & Sons announce the publication of a book of 390 pages on the 
“Theory and Applications of Finite Groups,” by Proressors G. A. MILLER, 
H. F. and L. E. Dickson. 


Mr. Auton MILLER, absent on leave from the University of Michigan, is 
studying under Professor Segre at the University of Torino. Mr. Miller holds a 
fellowship in mathematics from Harvard University. 


The Wyoming School Journal for January, 1916, contains an article by C. 
EBIN StromQuist, professor of mathematics in the University of Wyoming, on 
“The correlation of mathematics in grades seven to ten.” 


' “The college teacher’s function ” is the title of a thoughtful article in School 
and Society for January 15, by Professor ArtHuR J. Topp, University of Minne- 
sota. 


“ College entrance requirements ” is a topic discussed with considerable illu- 
mination in School and Society for January 8, 1916, by Professor Louis W. Raper, 
of Pennsylvania State College. 


“ Robert of Chester’s Latin translation of the algebra of Al-Khowarizmi,” by 
Proressor L. C. Karpinskt, has just appeared from the Macmillan Press. Be- 
sides an English translation the work contains an introduction giving a brief 
history of algebra. 


“* Mathematics and efficiency ”’ is the title of an article in the January number 
of School Science and Mathematics, by FLetcHER DuRELL, Headmaster at the 
Lawrenceville School, New Jersey. In the same issue, Professor G. A. MILLER 
writes on “ Reform in teaching mathematics.” 


The major part of the October issue of the Mathematical Gazette is devoted to 
“‘A study of the life and writings of Colin Maclaurin,” by Charles Tweedie, 


/ 
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F.R.S.E., including four full-page plates and a critical estimate of his writings. 
A condensation of this article will be given in a later issue of the Monta y. 


The Bollettino di Bibliografia e Storia delle Scienze Matematiche continues to 
arrive with commendable regularity in view of the extraordinary conditions 
created by the war. The closing number of 1915, No. 4, was published Nov. 20, 
1915. Besides numerous reviews, the volume for 1915, Vol. XVII, includes an 
article by L. GopEavux on a Belgian mathematician of the sixteenth century; 
articles by J. H. Grar on the correspondence between Ludwig Schlafli and Italian 
mathematicians of his period, including to date letters from D. Chelini and E. Bel- 
trami, and an article on Lingi Forni, a mathematician of Pavia, by G. VIvaNtI. 


Two articles in Science for September 11 and October 22, 1915, by Professor 
C. N. Moore, of the University of Cincinnati, will be of interest to readers of the 
Montaiy. The one is on “ Correlation and disciplinary values ” and the other 
on “ The coefficient of correlation as a measure of relationship.” The former gives 
the results of some statistical studies with reference to the disciplinary value of 
certain high school subjects, including algebra and geometry, which are being 
attacked in many quarters. See also Professor Moore’s reply to Question 24 in 
this issue. 


A reprint from the Napier Tercentenary memorial volume, published by the 
Royal Society of Edinburgh, contains the address by Professor FLoRIAN CaJORI on 
“ Algebra in Napier’s day and alleged prior inventions of logarithms.” The three 
main conclusions are (1) ‘ That John Napier enjoys the all-important right of 
priority of publication ”’; (2) “ that Joost Biirgi is entitled to the honor of inde- 
pendent invention’; (3) ‘‘ that Joost Biirgi constructed his table some time be- 
tween 1603 and 1611, and that John Napier worked on logarithms probably as 
early as 1594—that, therefore, Napier began working on logarithms probably 
much earlier than Biirgi.” 


In the twelfth volume, series III, 1915, of the Periodico di Matematica which 
completed the thirtieth year of publication with the issue of September, 1915, 
several articles are found which may be of interest to readers of the MonTHLY. 
Two articles, to be continued, by G. Lazzrrt treat of static moments, moments 
of inertia, and moments of higher order; two articles by D. KrysaNovsky, trans- 
lated from the Russian into Italian apparently by the author himself, treat of 
maxima and minima of plane figures; an article by Q. Pao.ina discusses the re- 
lations between arithmetic and geometric means, based upon the very ancient 
proposition that the geometric mean between two quantities is less than the arith- 
metic mean. 


The American Mathematical Society held its twenty-second annual meeting 
in New York, December 27-28, 1915. There were seventy-two members present 
at the four sessions and thirty-seven papers were presented. The total member- 
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ship of the Society is now 736. The number of members attending at least one 
meeting of the Society or its sections during the year 1915 was 253. The total 
number of registrations at all meetings during the year was 418. The president of 
the Society is Professor E. B. Brown, of Yale University, and the two vice- 
presidents are Professor E. R. Hedrick, of the University of Missouri, and Professor 
Virgil Snyder, of Cornell University. 


In the September-November issue of L’ Enseignement Mathématique PRoFESSOR 
G. A. MILLER writes an article on “ The preparation of mathematics teachers in 
the United States of America,” in which he presents a report of the many changes 
which the American universities have inaugurated during the last twenty-five 
years, with a view of providing better facilities for students who are teachers 
(through summer sessions) or who expect to become teachers (through schools 
of education). He points out, further, the inadequacy of the number of properly 
equipped teachers to fill all the available positions, the relatively low but increas- 
ing salary scale, the wholesome influence of THz AMERICAN MATHEMATICAL 
Society on the teachers of higher mathematics, and the awakening of interest 
among the teachers of secondary mathematics through their numerous teachers’ 
associations and through two periodicals devoted to their interests. 


There is a bill before Congress to make the use of the Centigrade thermometer 
scale obligatory in all government publications, in the hope of bringing about 
its adoption for all purposes in place of the Fahrenheit scale. This is a move ina 
good direction, but it raises again the larger question of the metric system as a 
whole, and we wonder whether the United States will be the last of the civilized 
nations to adopt that system. An article in The Scientific Monthly for December, 
1915, by Dr. Joseph V. Collins, of Stevens Point, Wis., discusses the question 
under the title: “‘ A metrical tragedy,” showing that at least two thirds of a year 
for every child in the land is wasted in the study of our cumbersome system of 
weights and measures, and that this waste entails an economic loss of possibly 
three hundred millions of dollars annually. It is an opportune time for all friends 
of progress in this direction to act, especially as requests have been made for all 
available data bearing upon the thermometer phase of the question. 


The Chicago Section of the American Mathematical Society held its thirty- 
sixth regular meeting at Columbus, Ohio, on Thursday, Friday and Saturday, 
December 30-31, 1915, and January 1, 1916. There were sixty-seven members in 
attendance and twenty-five papers were read, aside from the retiring address of 
the chairman, Professor E. J. Witczynsk1, of the University of Chicago, who spoke 
at the joint session with Section A of the American Association on “ The historical 
development and future prospects of differential geometry of plane curves.” At 
the same session Professor H.S. Wate, of Vassar College, gave his retiring address 
as Vice-President of Section A on the topic: “ Poncelet Polygons.” Practically 
all members of the American Mathematical Society who were present at Columbus 
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joined in the organization meeting of the THe MaTuHEemMaTIcAL ASSOCIATION OF 
America. The dinner on Thursday evening, in fact, resolved itself largely into 
a congratulatory occasion in honor of the birth of the new Association. The offi- 
cers of the Chicago Section for the next two years are: Chairman, Professor 
W. B. Forp, University of Michigan; Secretary, Professor ARNOLD DRESDEN, 
University of Wisconsin; Third member of program committee, Professor H. L. 
Rretz, University of Illinois. 


Please note the following addresses of chairmen of committees to whom com- 

munications should be sent on the respective subjects: 

Problems Proposed and Solved, to Professor B. F. FINKEL, 1228 Clay St., Spring- 
field, Mo. 

Questions and Discussions, to Professor U. G. MircHe.u, University of Kansas, 
Lawrence, Kan. 

Notes and News, to Professor D. A. Roturock, Indiana University, Bloomington, 
Ind. 

Books to be Reviewed, to Professor W. H. Bussey, University of Minnesota, Min- 
neapolis, Minn. 

General Editorial Correspondence, to Professor H. E. Staucut, Managing Editor, 
5548 Kenwood Ave., Chicago, Il. 

Business Correspondence concerning both the MonTHLY and the AssociATION, to 
Professor W. D. Carrns, 55 East Lorain St., Oberlin, Ohio. 


IMPORTANT NOTICE TO PRESENT MONTHLY SUBSCRIBERS. 


Henceforth, the subscription price of the Monruty will be three dollars net 
to all non-members of the AssociaTIon. The following adjustments for prospective 
members are proposed: 

(1) Those who have already paid their subscriptions for the entire year 1916 
are asked to send one dollar additional, which will entitle them to membership in 
the ASSOCIATION. . 

(2) Those who have not paid for 1916 are asked to send three dollars, which 
will entitle them to membership and include the Monruty. WNo further sub- 
scriptions for 1916 will be received at the old rate of two dollars. 

In the case of subscriptions under (1) or (2) which expire before the end of 
1916, please add twenty cents extra for each copy needed to complete the year. 
Hereafter all subscriptions will date from January of each year. 

(3) An institution in which the Calculus is taught may become an institutional 


member of the ASsoctaTION by the payment of five dollars annually, which will 


entitle the library to receive two copies of the MonTuty and the institution to 
send a voting delegate to all meetings of the Association. Institutions in 
which the Calculus is taught, whose libraries have already renewed their sub- 
scriptions for 1916, are asked to send three dollars additional and thus become 
institutional members of the AssocrATION. 

Other institutions, and those not wishing to become institutional members, 
whose library subscriptions have already been renewed for 1916, are asked to 
send one dollar additional to complete the advanced price of the Montuty. No 
further subscriptions will be received at the old rate of two dollars, and no dis- 
count from the advanced rate of three dollars will be allowed on subscriptions made 
through agencies. 

(4) The obligations of the Monruty for 1916 will, of course, be fulfilled on 
the former basis in the case of any individual or institution whose subscription 
has already been paid, and who may decline to make the adjustment on the 
new basis. 

(5) Please note that all subscriptions to the Monruty and dues in the Asso- 
CIATION are to be paid to the SEcRETARY-TREASURER, Professor W. D. Carrns, 
55 East Lorain St., Oberlin, Ohio. 

If you have not already returned the membership blank, please do so at once. 
Delay may make it impossible to secure the back issues of the MONTHLY. 
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CONSTITUTION AND BY-LAWS OF THE MATHEMATICAL ASSOCIATION 
OF AMERICA. 


ArtTicLE I—NaME AND PURPOSE. 


1. This organization shall be known as THE MATHEMATICAL ASSOCIATION OF AMERICA. 
2. Its object shall be to assist in promoting the interests of mathematics in America, especially 
in the collegiate field. 


ArtTIcLE II—MEMBERSHIP. 


1. Any person who is interested in the field of collegiate mathematics shall be eligible for 
election to membership in the Association. 

2. Any institution in which the Calculus is regularly taught shall be eligible for election to 
institutional membership in the Association; such an institution shall have the privilege of sending 
a voting delegate to the meetings of the Association. 


ArticLte III—Orricers. 


1. The officers of this Association shall be a President, two Vice-Presidents, a Secretary- 
Treasurer and twelve additional members of an Executive Council, together with a Committee 
of three on Publications, who shall be ex-officio members of the Council. 

2. The President, Vice-Presidents and Secretary-Treasurer shall be elected annually for a term 
of one year, and four members of the Council shall be elected annually for a term of three years. 
They shall be eligible for reélection, but not for more than two consecutive terms, except in the 
case of the Secretary-Treasurer, whose term may be extended indefinitely. The Committee on 
vg twee consisting of the Managing Editor and two other members, shall be appointed by 

e Council. 

8. The Council shall transact the official business of the Association and shall report its 
actions at the annual meeting of the Association and in the official journal. Any proposed action 
of the Council which makes or alters a question of policy shall be published in the official journal 
before final action has been taken, so that members of the Association may make known to the 
Council their individual views. 

4. The Council shall have authority to fill vacancies ad interim. 


ArticLE IV—MEETINGS. 


1. The annual meeting of the Association shall be held at such time and place as the Council 
may direct. 

2. The Council shall have power to call other meetings of the Association whenever it may be 
deemed expedient. 


ARTICLE V—SECTIONS. 


1. Any group of members of this Association may petition the Council for authority to organize 
a Section of the Association for the purpose of holding local meetings. The Council shall have 
power to specify the conditions under which such authority shall be granted. 

2. The Association shall not be obligated to pay from its treasury any of the expenses of such 
sections. 


ArtTicLE VI—OrrFiciaL JOURNAL. 


1. The Association shall publish an official journal, which shall be sent free to all members 
of the Association in accordance with Article VII. 

2. The Council shall have power to conduct negotiations with respect to securing an official 
journal, and shall have full control of its publication and sale. 
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ArticLe VII—Dvss. 


1. An individual member of the Association shall pay an initiation fee of two dollars at the 
time of his election. 

The initiation fee shall be waived in case of those who join the Association before April 1, 1916, 
and this clause shall be dropped after its provisions have been fulfilled. 

2. The annual dues of an individual member shall be three dollars, including a subscription to 
the official journal. 

3. The annual dues of an institutional member shall be five dollars, including two subscriptions 
to the official journal. 

4. All dues shall be payable on the first of January of each year. Should the annual dues of 
any member remain unpaid beyond a reasonable time, his name shall be dropped from the list, 
after due notice. 

5. New members entering the Association after April 1, of any year, shall have their dues 
prorated for the balance of the year, except when they desire to receive the full current volume 
of the official journal. 


Articte VIII—AMENDMENTS. 


This Constitution may be amended at any annual meeting of the Association by a two-thirds 
vote of those present and voting, provided that such amendment shall have been printed in the 
official journal at least one month before the date of such meeting. 


BY-LAWS. 


1. Election of Members. Election to membership shall be by vote of the Council upon written 
application from the individual or institution seeking admission. 

Those who shall be admitted to membership before April 1, 1916, shall constitute the list or 
charter members. 

2. Nomination and Election of Officers. Two months before the date of the annual meeting, 
all members shall be given an opportunity to nominate by mail a candidate for each office for the 
ensuing year. One month before the annual meeting, the Council shall announce two candidates 
for each office, one being the person who received the highest vote in the nominations and the othef 
being selected by the Council from among the several nominees next in order. 

The election shall be by mail or in person and shall close on the day of the annual meeting. 

Twelve members of the Council shall be elected at the first meeting of the Association, and 
the secretary shall draw lots to determine which four of those elected shall serve for one, for two, 
and for three years respectively. (This clause shall be dropped after its provisions have been 
fulfilled.) 

3. Committees. The Committee on Publications shall have charge of the official journal and 
of all other publications of the Association, under the direction of the Council. 

The Council may appoint any other committees and delegate to them such power as may, 
in its judgment, seem desirable. 

4. Price of Publications. The Council shall fix the price of the official journal, and of any 
other publications of the Association to non-members, but in no case shall the journal be sold for 
less than the annual dues of individual members, as specified in Article VII of the Constitution. 

This shall not be construed to affect existing contracts with any subscribers or news agencies 
for the year 1916, who may decline to readjust on the new basis. (This clause shall be dropped 
after its provisions have been fulfilled.) 

5. Amendments. These By-Laws may be amended at any annual meeting under the same 
conditions as specified in Article VIII of the Constitution. 
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IMPORTANT ANNOUNCEMENT 


TO 


ALL INTERESTED IN MATHEMAT- 
ICAL PROGRESS 


THE AMERICAN MATHEMATICAL MONTBLY, since its reorganization in January, 
1913, has endeavored to fulfill ‘its mission as “A JoURNAL FOR TEACHERS OF 
MATHEMATICS IN THE COLLEGIATE AND ADVANCED SECONDARY FIELDs.” 


A selection from the Tables of Contents thus far includes articles on— 
The History of Mathematics, such as the following: 


“History of the Exponential and Logarithmic Concepts,” by Proressor FLoRIAN CaJoRI 
of Colorado College; 


“The Foundation Period in the History of Group Theory,” by JosrPpHins Burns, Graduate 
Student at the University of Illinois; 


“Errors in the Literature on Groups of Finite Order,” by Prormssor G. A. Miuuer, Uni- 
versity of Illinois; 


“Number Systems of the North American Indians,” by Prorsssor W. C, United 
States Naval Academy; 


“The Algebra of Abu Kamil,” by Proressor L. C. Karpinskt, University of Michigan; 


“Centers of Similitude of Circles and Certain Theorems Attributed to Monge. Were they 
known to the Greeks?” by Prorressor R. C. ArncHiBALD, Brown University; 


“The History of Zeno’s Arguments: Phases in the Development of the Theory of Limits,’ by 
Proressor Fiorian Cason, Colorado College. 


Pedagogical Considerations, such as the following: 


The “Foreword” concerning Collegiate Mathematics, by Proressor E. R. Hepricx, Uni- 
versity of Missouri; 


“Some Things we wish to know,” by Prorgssor E. R. Hepricx; 
“Mathematical Literature for High Schools,’ by Proressor G. A. MILLER; 
“Mathematical Troubles of the Freshman,’”’ by Prorgessor G. A. MILLER; 


“Minimum Courses in Engineering Mathematics,”by Proressor Sau. EpsteEn, University 
of Colorado; 


“Incentives to Mathematical Activity,” by Prorzssor H. E. Staucut, University of Chicago; 


“Synthetic Projective Geometry as an Undergraduate Study,” by Prorzssor W. H. Busszr, 
University of Minnesota; 


“Retrospect and Prospect,” by Prorzssor H. E. Suaucut; 


**Note on a Memory Device for Hyperbolic Functions,”’ by F. S. Exper, Central High School, 
Kansas City, Mo.; 


“A Plea for less Formal Work in Mathematics,” by F. M. Morean, Dartmouth College; 
“A Simple Algebraic Paradox,” by Prorgessor J. L. Harvard University; 


“Note on Simple Algebraic Equations,” Prorsssor H. L. University of Minne- 
sota; 


“‘On Courses in Synthetic Projective Geometry,” by Prorgessors Lao G. Simons, Normal Col- 
lege of the City of New York, C. E. Srromquist, University of Wyoming, T. G. Roparrs, 


Normal School of New Mexico, R. D. Carmicuagt, and D. N. Lenmer; 


“On the Cultural Value of Mathematics,” by Prorzssors W. T. Srratron, Kansas State 
Agricultural College, and D. N, Lexmsr; 


“‘On Courses in the History of Mathematics,” by Prorzssors W. T. Srratron and G. A 
MILLER; 


“Remarks on Klein’s Famous Problems of Elementary Geometry,” by Prorsessor R. C. 
ARCHIBALD, Brown University; 


“On the Trisection of an Angle and the Construction of Regular Polygons of 7 and 9 Sides,” 
by Prorsssor L. E. Dickson, University of Chicago; 


“An Equation Balance for Class-Room Use,’’ by Proressor E. W. Ponzer, Stanford 
University; 
Cardioidograph,” by C. M. Hesserrt, University of Illinois; 


“‘Coérdinated Courses in High School Mathematics,” by Evita Lona, Lincoln, Neb., and 
_ Roy Cumins, Columbia University; 


“Conference Periods for Students,” by Prorgssor C, R. McInnes, Princeton University, and 
Proressor C. S. Arcuison, Washington and Jefferson College; 


“Determinant Formula for Coplanarity of Four Points,” by Proressor A. M. Kenyon, 
Purdue University; 


“What can the Colleges do toward Improving the Teaching of Mathematics in the Second- 
ary Schools?” by Proressor C. N. Moors, University of Cincinnati. 


General Mathematical Information, such as the following: 


“The Third Cleveland Meeting of the American Association for the Advancement of Science,”’ 
by Prorsssor G. A. MILuER; 


“Western Meetings of Mathematicians,” by Prorzssor H. E. StauGut; 
“Summer Meeting of the American Mathematical Society,” by Prorzssor H. E. Suavaut; 


“Notes and News”’ of events pertaining to mathematics, under the direction of a committee 
of which Proressor Fiorian CaJort is chairman; 


“The Napier Tercentenary Celebration,” by Prorsessor Casort, Colorado College; 
“The Paris Report on Calculus in the Secondary Schools,’”’ Eprrortat; 
“California Teachers of Mathematics,” Eprrortau; 


“Book Reviews” and announcements of new books in Mathematics, under the direction of a 
committee of which Proressor W. H. Bussry, University of Minnesota, is chairman, 


Fifty-four books have thus far been reviewed, each by a selected expert in his field. 
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Topics Involving a Minimum of Technical Treatment, such as the following: 


“Maximum Parcels under the New Parcel Post Law,’ by Proressor W. H. Bussey; 
“Precise Measurements with a Steel Tape,” by Prormssor G. R. Dan, Missouri School 
of Mines; 


“A Direct Definition of Logarithmic Derivative,” by Proressor E, R. Hepricx; 


“A Simple Formula for the Angle Between Two Planes,” by Proressor E V. HuntincTon, 
Harvard University; 


“On the Solutions of Linear Equations having Small Determinants,” by Prorsssor F, R. 
Moutron, University of Chicago; 


“The Accuracy of Interpolation in a Five-Place Table of Logarithms of Sines,’ by Pro- 
ressors A. M. Kenyon and G. Jamss, Purdue University; 


“A Theorem about Isogonal Conjugates,’’ by Davip F. Barrow, Harvard University; 
“The Significance of the Weierstrass Theorem,” by Proressor E. R. Hepricx; 
“On the Impossibility of Certain Diophantine Equations and Systems of Equations,” by 
Proressor R. D. CarmicHakt, Indiana University; 
“A Computation Formula in Probability,” by E. C. Monina, New York City; . 


“Two Geometrical Applications of the Method of Least Squares,” by Prorressor J. L. 
Harvard University; 


Puzzle Generalized,’ by Prorressor R. P. Baxsr, University of Iowa; 


“On Certain Diophantine Equations having Multiple Parameter Solutions,” Proressor R 
D. CarMIcHAEL; 


‘A Geometrical Discussion of the Regular Inscribed Hexagon,” by J. Q. McNartt, Florence 
Colo., and S. A. Jorrs, New York City; 


‘A Theorem in Number Theory connected with the Binomial Formula,” by Professor D. N. 
LEHMER; 
“ An Application of Partial Derivatives to the Ellipse,” by Proressor M. O. Tripp, Muncie, 
| Ind.; 
“A Curious Convergent Series,’”’ by Proressor A. J. Kempner, University of Illinois; 
“Optical Interpretations in Higher Geodesy,” by Proressor W. H. Rorver, Washington 
University; 
Problem in Number Theory,” by Proressor G. A. OsBorNnzE, Massachusetts Institute of 
Technology; 


“Perfect Magic Squares for 1914,” by V. M. Spunar, Chicago, Ill., and Prorgssor B. L. 
Remick, Manhattan, Kan.; 


“The Construction of Conics under given Conditions,” by Dr. B. M. Woops, University 
of California; 

‘*A Simple Method of Constructing the Normals to a Parabola,’”’ by Prorsssor S. G. Barton, 
University of Pennsylvania; 

“Some Properties of the Normals to a Parabola,’”’ by Prorgssor S. G. Barton; 

“ Apparent Size of a Cube,” by Proressor A. M. Harpina, University of Arkansas; 


“Residues of Certain Sums of Powers of Integers,’ by Proressor T. M. Putnam, University 
of California; 


“Groups of Figures in Elementary Geometry,” by Prorzssor G. A. MituEr, University of 
Illinois; 
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“On the Use of Partial Derivatives in Plotting Equations from their Curves,”’ by Prorzssor 
A. M. Kenyon, Purdue University; 


“A Method of Solving Numerical Equations,” by S. A. Corny, Hiteman, Iowa; 

“Sur un Paradoxe Algébrique Apparent,” par G. Lorta, Université de Géne; 

“The Theorem of Rotation in Elementary Mechanics,” by Proressor E. V. Huntineron, 
Harvard University; 

“Groups of Subtraction and Division with Respect to a Modulus,” by Prorzssor G. A. 
Mutter, University of Illinois; 


“Questions and Discussions,” under the direction of Prorrssor U. G. MitcHE.1, University 
of Kansas; 


“Problems Proposed and Solved,” under the direction of Prorzssors B. F. Finxen, Drury 
College, and Professor R. P. Baker, University of Iowa. 


Topics Involving Somewhat More Technical Treatment, designed to stimulate 
mathematical activity on the part of ambitious students and teachers. Such 
articles have occupied only about one-sixth of the entire space; for example, 
such as the following: 

“The Remainder Term in a Certain Development of F(a +), by Prorgssor R. D. 
CARMICHAEL; 

“A Geometric Interpretation of the Function F in Hyperbolic Orbits,” by Proressor W. O. 
Bzat, Illinois College; 

“Certain Theorems in the Theory of Quadratic Residues,” by Proressor D. N. Lenmer, 
University of California; 

“Some Inverse Problems in the Calculus of Variations,” by Dr. E. J. Mixes, Yale University; 

“Amicable Number Triples,” by Prorzssor L. E, Dickson, University of Chicago; 

“The Probability Integral,” by Proressor E. L. Dopp, University of Texas; 

“A Note on the Solution of Linear Differential Equations,” by Dr. C. R. MacInnes, Princes 
ton University; 

‘A Graphical Solution of the Differential Equation of the First Order,” by Prorsssor T, 
R. Rounnina, University of Michigan; 

“The Curve of Light on a Corrugated Dome,” by Proressor W. H. Rorver, Washington 
University; 

“The Cube Root of a Binomial Surd,” by Principat Artuur C. Jonnson, Hopedale, Mass. 

“The Tactical Problem of Steiner,” by Proressor W. H. Bussey; 

“On Some Geometric Properties of Circular Transformations,” by Prorsssor ARNOLD Emcu, 
University of Illinois; 

“A Note on Plane Kinematics,” by Proressors ALEXANDER ZiweT and Peter 
University of Michigan; 

“‘A Theorem in the Modern Plane Geometry of the Abridged Notation,” by Prorsessor 
R, E. Bruces, Boston University; 

“On a purely Projective Basis for the Theory of Involution,” by Prorzssor D. N. LEHMER; 

“A Formula for the Sum of a Certain Type of Infinite Power Series,” by Expert H. Cuarks, 
Purdue University; 

“On a Special Case of the Tetrahedral Complex,’ by Prorzssor D, N. Lenmer, University 
of California; 

“General Formula for the Valuation of Securities,”” by Prorzssor J. W. GLover, University 
of Michigan. 


i 


JUST PUBLISHED 


Fundamental Conceptions of 
Modern Mathematics 


BY 


ROBERT P. RICHARDSON 
AND 


EDWARD H. LANDIS 


Cloth $1.25 net 


The subtitle of this book is ‘ Variables and 
Quantities with a Discussion of the General Concep- 
tion of Functional Relation.” It is the first of a 
series projected to cover all the fundamental concep- 
tions of modern mathematics. 


The authors’ treatment considers mathematics 
as a science rather than asan art. The three main 
topics are: Pure formalism as a science of symbols ; 
the realities underlying mathematical formulae which 
gives an account of quantities and their classification ; 
and the constitution of variables and the essential 
characteristics of the functional relation between 
variables. 


The questions that come within the scope of this 
book are by far the most fundamental of all arising 
in mathematical science. 
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